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The theory of thermally-activated slip is used to derive a crystal-plasticity materials
constitutive model for deformation of OFHC copper single crystals. The mechanical
response of the polycrystalline material is next determined from the single-crystalline
materials constitutive relations using the classical Taylor approximation for apportionment
of the deformation gradient between grains. Simulations of the deep drawing of cylindrical
cups from as-rolled OFHC-copper blanks are next carried out using an explicit finite
element formulation. The results obtained show that the crystallographic texture in
as-rolled sheets, which can be accounted for through the use of crystal-plasticity, gives rise
to rim-earing in fully-drawn cups. It is further shown that the extent of rim-earing can be
greatly reduced by properly modifying the shape of the blank. A procedure is next
proposed for optimization of the blank shape. C© 2002 Kluwer Academic Publishers

1. Introduction
Deep drawing is a process in which a flat sheet-metal
blank is formed into a cylindrical or box-shaped part
by means of a punch, which presses the blank into
the die cavity. Despite its name, deep drawing is used
for the production of not only deep but also shallow
parts and the parts of moderate depth. The process was
first developed in the 1700s, and has been studied ex-
tensively eversince. Currently, deep drawing represents
an important metalworking process for the production
of parts such as beverage cans, pots and pans, con-
tainers of all shapes and sizes, sinks and automobile
panels.

In the present work, deep drawing of cylindrical cups
is analyzed using finite element modeling. The basic
parameters of such a process are shown in Fig. 1. A cir-
cular sheet metal blank, with the diameter D0 and the
thickness t0, is placed over a die with the inner diameter
Dd and the corner radius Rd . The blank is held in place
by applying the force to a ring-shaped blankholder,
with the inner diameter Db. A punch, with the diame-
ter Dp and the corner radius Rp, moves downward and
pushes the blank into the die cavity, thus forming a cup.
The major independent process variables in deep draw-
ing are: (a) Mechanical properties of the sheet metal;
(b) The ratio of the blank diameter and the punch diame-
ter; (c) The blank thickness; (d) The clearance between
the punch and the die; (e) The punch and die corner
radii; (f) The blankholder force; (g) Friction and lu-
brication conditions at the contacting surfaces between
the punch, the die, the blankholder and the blank; and
(h) The speed of the punch. In the present work, the ef-
fect of sheet-metal mechanical properties and the blank
shape on the shape of fully drawn OFHC copper cylin-
drical cups will be explored.

During a deep drawing operation, the blank is sub-
jected to complex states of stress. A material element
in the blank flange experiences a radial tensile stress
because the blank is being pulled into the die cavity.
In addition a compressive stress acts in the through
thickness direction as a result of a force applied to
the blankholder. Also a compressive hoop stress devel-
ops in the element as the blank circumference is being
reduced during drawing. These hoop stresses tend to
cause the flange to wrinkle during drawing, thus re-
quiring the use of a blankholder and the adequate hold-
ing force. Under this state of stress, an element in the
flange contracts in the hoop direction and elongates
in the radial direction. A material element in the cup
wall is subjected to a longitudinal tensile stress, as the
force applied to the punch is transmitted through the
walls of the cup to the flange that is being drawn into
the die cavity. In addition, a tensile hoop stress devel-
ops since the rigid punch prevents radial contraction
of the cup as the latter is being drawn. Consequently,
an element in the cup wall elongates in the longitudi-
nal (axial) direction without undergoing a change in its
width.

An important aspect of deep drawing is the relative
contributions of stretching and pure drawing. When the
blankholder force is too high, the blank is prevented
from flowing freely into the die cavity. The deformation
of the sheet metal takes place mainly under the punch
and the sheet begins to stretch, eventually resulting in
necking and tearing. Conversely, a small blankholder
force allows the blank to flow freely into the die cav-
ity (pure drawing). In this case, the plastic deformation
takes place mainly in the flange, while the cup wall
is subjected only to elastic stresses. However, these
stresses increase with increasing the D0/Dp ratio and
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Figure 1 Variables in deep drawing of a cylindrical cup. Except for the
punch force, all process variables are independent variables. See Table II
and text for identity of the variables.

can lead to failure when the cup wall cannot support
the load required to draw in the flange.

In addition to flange wrinkling and wall tearing dis-
cussed above, development of ears along the rim of
fully-drawn cups is another important aspect of deep
drawing. Rim ears (referred to as earing in the fol-
lowing) are generally caused by anisotropic properties
of the sheet-metal blank material. These ears must be
trimmed off to produce the desired height and shape of
fully drawn cups which introduces an additional pro-
cessing step (trimming) and, thus, increases the man-
ufacturing cost. Hence, a better understanding of the
process of development of cup ears during deep draw-
ing could lead to improved process designs which can
reduce formation or even eliminate earing and thus the
need for trimming.

The quantitative prediction of earing patterns has
been attempted with moderate success by many re-
searchers (e.g., Tucker [1], Wilson and Butler [2],
Becker et al. [3]). The major limitation in all these at-
tempts was an inability to simulate the deep drawing
process until a fully drawn cup is obtained. Recently,
however, Anand and Balasubramanian [4] developed a
crystal-plasticity materials constitutive model for poly-
crystalline Al2008-T4 alloys and introduced a finite el-
ement procedure to simulate the formation of ears in
fully drawn cups. In the present work, the analysis car-
ried out by Anand and Balasubramanian [4] is extended
to OFHC copper and also includes optimization of the
shape of the sheet-metal blank in order to minimize the
extent of earing in a fully drawn cup.

The organization of the paper is as following: A brief
description of the materials constitutive relations for
single and polycrystalline OFHC copper and the inte-
gration of the material state is discussed in Section 2. A
procedure for assigning the initial crystallographic tex-
ture to the blank material, finite element modeling of
deep drawing of a cylindrical cup and a brief overview
of the Simplex optimization method used to determine

the optimum blank shape are all presented in Section
3. The main findings obtained in the present work are
presented and discussed in Section 4. In Section 5, a
summary is given of the main conclusions resulted from
the present work.

2. Materials constitutive model
The deformation behavior of the blank material
is described using a finite-deformation, rate- and
temperature-dependent crystal-plasticity constitutive
model for single crystalline metallic materials with the
face-centered-cubic (f.c.c.) crystal structure recently
proposed by Balasubramanian [4]. Within this model,
the shearing rates on slip systems are represented us-
ing a physically-motivated constitutive function based
on the theory of thermally-activated plastic flow. To
account for the polycrystalline character of the blank
materials, the classical Taylor approximation, which
postulates a uniform partitioning of the deformation
gradient among the grains, is invoked. The constitutive
model is implemented in the commercial finite-element
package ABAQUS/Explicit. The material parameters
for OFHC copper derived by Grujicic [5] are used in
the simulations.

2.1. Single crystal constitutive model
The continuum mechanics foundation for the crystal
plasticity constitutive model used in the present work
can be traced to the work of Teodosiu [6], Hill and
Rice [7], Mandel [8], Teodosiu and Sidoroff [9], Asaro
and Rice [10] and Asaro [11]. The work of Conrad [12],
Kocks et al. [13], Frost and Ashby [14], and Argon [15],
on the other hand, provides a more materials science
viewpoint of the subject matter.

The deformation of a single crystal is considered to be
the result of two independent atomic-scale processes:
(i) an elastic distortion of the crystal lattice correspond-
ing to the stretching of atomic bonds and; (ii) a plas-
tic deformation which is associated with atomic plane
slippage which leaves the crystal lattice undisturbed. At
lower temperatures (T < 0.3Tm , Tm = melting temper-
ature) and at sufficiently high stress levels, the major
mechanism of plastic deformation in ductile single-
crystalline metallic materials is dislocation glide on
well-defined crystallographic slip planes. While other
plastic deformation mechanisms such as twinning,
martensitic transformation, etc., can also take place in
some metallic materials, crystallographic slip (referred
to as slip in the following) is the only plastic deforma-
tion mechanism considered in the present work.

The constitutive model used in the present work is
based on the following governing variables: (i) The
Cauchy stress, T , a second-order tensor; (ii) The defor-
mation gradient, F a second-order tensor; (iii) The ab-
solute temperature θ , (iv) Crystal slip systems, labeled
by integers α. Each slip system is specified by a unit
normal nα

0 to the slip plane, and a unit vector mα
0 aligned

in the slip direction in the initial (reference) configura-
tion. In f.c.c. metallic materials, such as OFHC copper,
there are 12 slip systems and they are all based on {111}
crystallographic planes and 〈11̄0〉 crystallographic di-
rections. The orientation of the slip systems (mα

0 , nα
0 )
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in each grain relative to the global coordinate system
is readily determined from the known crystallographic
orientation of the grain; (iv) The plastic deformation
gradient, F p, a second-order tensor, with detF p = 1
since plastic deformation by slip does not give rise to
a volume change and; (v) The slip system deformation
resistance sα > 0 which has the units of stress.

The deformation gradient can be multiplicatively de-
composed as F = Fe F p where the elastic deformation
gradient Fe is defined by:

Fe ≡ F F p−1, det Fe > 0. (1)

and describes the elastic distortions and rigid-body ro-
tations of the crystal lattice. The plastic deformation
gradient, F p, on the other hand, accounts for the cu-
mulative effect of shearing on the active slip systems in
the crystal.

2.1.1. Constitutive equation for stress
Since elastic stretches in metallic materials are gener-
ally small and the temperature changes accompanying
deep drawing are not expected to be significant, the con-
stitutive equation for stress in a metallic single crystal
can be defined by the linear relation:

T ∗ = C[Ee − A(θ − θ0)] (2)

where C is a fourth-order anisotropic elasticity tensor,
and A, a second-order anisotropic thermal expansion
tensor and θ0 a reference temperature. Ee and T ∗ are
respectively the Green elastic strain measure and the
second Piola-Kirchhoff stress measure relative to the
configuration obtained after plastic shearing of the lat-
tice as described by F p. Ee and T ∗ are respectively
defined as:

Ee ≡ (1/2){FeT Fe − I } T ∗ ≡ (det Fe)Fe−1TFe−T

(3)
where I is the second order identity tensor.

2.1.2. Flow rule
The evolution of the plastic deformation gradient, F p,
is defined by the following rate equations:

Ḟ p F p−1 =
∑

α

γ̇ α Sα
0 Sα

0 ≡ mα
0 ⊗ nα

0 (4)

where Sα
0 is generally referred to as the Schmid tensor,

⊗ designates the tensorial product, subscript 0 indicates
that the quantity in question is expressed relative to the
initial configuration, and:

γ̇ α = ρα
mbῡα (5)

is the plastic shearing rate on slip system α. The expres-
sion γ̇ = ρmbῡ was originally introduced by Orowan
[16] to represent the physical picture that plastic shear-
ing is the result of motion of a density ρm of mobile
dislocations, each with the Burgers vector of magni-
tude b and aligned in the slip direction m0, and moving
at an average velocity ῡ.

In metallic materials where the elastic stretches are
generally small, the resolved shear stress τα , on slip
system α, which gives rise to the motion of the dislo-
cations associated with that slip system is defined as:

τα ≡ T ∗ · Sα
0 (6)

where the raised dot indicates the scalar product of two
second order tensors.

To derive an expression for the average dislocation
velocity, the theory of thermally activated dislocation
motion is invoked. According to this theory, at a finite
temperature, the local resistance to dislocation motion
due to short-range obstacles (obstacles smaller than
∼10 atoms in diameter) can be overcome at a lower
applied shear stress with the help of redistribution of
the thermal energy (referred to as thermal activation in
the following). Consequently, the dislocations associ-
ated with a slip system can acquire a finite velocity at
shear stress levels below the slip resistance sα associ-
ated with that slip system.

The resistance to slip arises from various obstacles
which impede dislocation motion. In general, one dis-
tinguishes between the thermal obstacles that can be
overcome with the aid of thermal activation, and the
athermal obstacles which are too broad or too strong
(or both) and thus cannot be thermally overcome. Con-
sequently, the slip resistance sα is decomposed as:

sα = sα
∗ (θ, microstructure) + sα

a (θ, microstructure)
(7)

where sα
∗ represents the part of the slip resistance as-

sociated with the thermally-activatable obstacles (re-
ferred to as thermal obstacles in the following), and sα

a
is the part of the slip resistance arising from thermally-
nonactivable obstacles (referred to as athermal obsta-
cles in the following), which are either too strong or too
long-range (or both) to be overcome by the aid of ther-
mal activation. Typical examples of thermal obstacles
are the Peierls resistance, solute atoms, and forest dislo-
cations whereas dislocation groups and large incoher-
ent precipitates typify athermal obstacles. In pure f.c.c.
materials, such as OFHC copper, the Peierls resistance
to dislocation motion is quite small and sα

∗ is dominated
by interactions between the mobile dislocations and the
localized forest dislocations. For the further analysis, it
is convenient to introduce an effective shear stress as:

τα
∗ ≡ |τα| − sα

a (8)

then, according to the theory of thermally-activated dis-
location motion, the shearing rate on slip system α may
be expressed as:

γ̇ α =


0 if τα
∗ ≤ 0,

γ̇ α
0 v exp

{
−�Gα

∗
(
τα
∗ , sα

∗
)

kBθ

}
sign(τα) if 0 < τα

∗ < sα
∗

(9)
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where γ α
0 = ρα

mbl̄αv, l̄α , denotes the mean distance of
advance of a mobile dislocation between two consecu-
tive obstacles, v is a frequency of dislocation vibration
(of the order of 1012 sec−1 i.e. 10−2–10−1 times the
Debye frequency of atoms). The quantity [exp{−�Gα

∗
kBθ

}]
in Equation 9 represents the probability that the energy
�Gα

∗ (or larger), which is required for the dislocations
to overcome a thermal obstacle will be supplied through
redistribution of the thermal energy at a temperature θ .
�Gα

∗ is generally referred to as the Gibbs free activation
energy, and kB is the Boltzmann’s constant. The rate at
which dislocations overcome the thermal obstacles in
question is given by v[exp{−�Gα

∗
kBθ

}]. For simplicity, the
pre-exponential term γ̇ α

0 in Equation (g) is taken to be
the same for all slip systems, denoted by γ̇0, and as-
signed a value in the typical range between 106 and
107 sec−1. Furthermore, while the mobile dislocation
density, ρα

m , which contributes to γ̇0, is generally a func-
tion of the applied stress and the temperature [13], such
dependencies are neglected in the present work.

Following Kocks et al. [13], the Gibbs free activation
energy function is expressed as:

�Gα
∗ = �F∗

[
1 −

(
τα
∗

sα∗

)p
]q

(10)

where �F∗ is the Gibbs free activation energy required
to overcome an obstacle to slip without the aid of an
applied shear stress. �F∗ is generally assumed to be
the same for all slip systems and to remain constant,
provided the character of the obstacles does not change
during slip. Parameters p and q typically fall in the
ranges 0 ≤ p ≤ 1, and 1 ≤ q ≤ 2 and they control the
shape of the �Gα

∗ versus ( τα
∗

sα∗
) curve.

2.1.3. Evolution equations for slip
system resistances

As plastic deformation proceeds, metallic materials be-
come increasingly more difficult to deform. To account
for such “strain-hardening”, evolution of the slip system
resistance parameters sα during plastic deformation is
represented by the following rate equation:

ṡα =
∑

β

hhβ |γ̇ β |, (11)

where γ̇ β is the shearing rate on slip system β, and the
matrix hαβ describes the rate of increase of the slip resis-
tance on slip system α due to shearing on both coplanar
(self hardening) and non-coplanar (latent hardening)
slip systems β. Each element of the matrix hαβ evolves
during deformation of the given material point. The use
of the absolute value of γ̇ β in Equation 11 reflects the
fact that the hardening behavior is assumed not to be
significantly affected by the direction of shearing on a
slip system.

Since the slip resistance sα is decomposed as
sα = sα

∗ + sα
a , Equation 7, it is important to determine

whether the macroscopic strain hardening arises due to
the changes in sα

∗ , or sα
a , or both. In pure f.c.c. materials,

where sα
∗ and sα

a are both controlled by the interactions
of mobile and forest dislocations [17], they evolve with
strain and contribute to macroscopic strain hardening.
By performing a series of temperature-jump tension-
test experiments on aluminum single crystals oriented
for single slip, Cottrell and Stokes [18] showed that the
ratio of the thermal to the athermal deformation resis-
tance:

χ = sα
∗

sα
a
, 0.5 < χ < 1 (12)

is essentially constant during plastic deformation. Since
both aluminum and OFHC copper have an f.c.c. crystal
structure, χ is assumed to remain constant and that it is
the same for all slip systems.

Using the Equation 12, the evolution equation for sα

for f.c.c. single-crystal metallic materials can be written
as:

ṡα = ṡα
a + ṡα

∗ =̇ ṡα
a {1 + χ} =

∑
β

hαβ |γ̇ β | (13)

While the hardening matrix hαβ is the topic of ac-
tive current research, several simple phenomenologi-
cal forms for it have been proposed in the past. These
have been reviewed by Peirce et al. [19], Asaro and
Needleman [20], and more recently by Havner [21],
and Bassani [22]. In the present work, the following
hαβ function initially proposed by Peirce et al. [19] and
Asaro and Needleman [20] is used:

hαβ = [
ql + (1 − ql)δ

αβ
]
hβ (14)

where hβ denotes the self-hardening rate and the
parameter ql represents the ratio of the latent and
the self-hardening rates. While both hβ and ql may
evolve with deformation, ql is frequently set to a fixed
value (typically 1.4). This simplification is adopted in
the present work. Following Kalidindi et al. [23], the
self-hardening rate is assigned the following functional
form:

hβ = hβ

0

∣∣∣∣1 − sβ

sβ
s

∣∣∣∣
r

sign

(
1 − sβ

sβ
s

)
, (15)

where:

hβ

0 = ĥβ

0 (|γ̇ β |, θ ) (16)

is the initial hardening rate, and:

sβ
s = ĥβ

s (|γ̇ β |, θ ) (17)

is a saturation value of sβ . As implied in Equations 16
and 17, both hβ

0 and sβ
s are in general expected to depend

on strain rate and temperature. For simplicity, however,
they are considered to be constant in the present work.
It should be further noted that Equation 15 does not
capture some of the details of the hardening phenom-
ena in single-crystalline f.c.c. materials such as stage I
strain hardening (easy glide), stage II strain hardening
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(linear hardening), etc. This should not be considered
as a significant limitation of the present model, since
the single-crystalline constitutive model presented here
is used only to predict the polycrystalline material be-
havior which does not display distinct stages of strain
hardening.

2.2. Polycrystalline material
constitutive model

The materials constitutive relations derived in the previ-
ous section pertain to single-crystalline materials. The
sheet-metal blank, on the other hand, is generally com-
posed of a polycrystalline material. To derive the poly-
crystalline material response from the single crystalline
constitutive relations, the classic Taylor approximation
[24, 25] is adopted. According to this approximation,
the local deformation gradient in each grain is assumed
to be homogeneous and identical to the macroscopic
deformation gradient. This in turn yields a constant
Cauchy stress within each grain. If the Cauchy stress in
grain k is denoted by T (k), and if a continuum material
point is assumed to be composed of N grains, then the
volume-averaged Cauchy stress is simply given as:

T̄ =
N∑

k = 1

υ(k)T (k) (18)

where υ(k) is the volume fraction of grain k. If it is
further assumed that all grains have equal volume, the
average Cauchy stress T̄ becomes the number average
over all the grains, i.e.:

T̄ = 1

N

N∑
k = 1

T (k) (19)

While it is apparent that the Taylor approximation
does not ensure the equilibrium between the adjacent
grains, recent work of Bronkhorst et al. [26] and Kothari
and Anand [27] showed that this approximation can rea-
sonably well account for the experimentally observed
texture evolution and the macroscopic stress-strain re-
sponse in both f.c.c. and b.c.c. metallic materials.

2.3. Numerical integration
of the material state

The polycrystalline material constitutive model dis-
cussed in the previous section is implemented in a User
Material Subroutine (VUMAT) of the commercial finite
element program ABAQUS/Explicit [28], which en-
ables “dynamic, explicit” analysis of boundary value
problems and is particularly suitable for the problems
involving surface contacts as is the present case. At the
beginning of each time increment, (time = t), for each
element and each integration point, ABAQUS/Explicit

�γ α(t) =




0 if τα
∗ (t) < 0

γ̇ α
0 �tv exp

{
−�Gα

∗ (τα
∗ (t), sα

∗ (t))

kBθ

}
sign{τα(t)} if 0 < τα

∗ (t) < sα
∗(t)

(24)

TABLE I Properties of OFHC copper used in the present work

Equation
Property Symbol Value Units where used

Elastic constant C11 170 GPa [2]
Elastic constant C12 124 GPa [2]
Elastic constant C44 75 GPa [2]
Thermal slip s∗ 672 MPa [8]

resistance
Athermal slip sa 30 MPa [8]

resistance
Reference γ̇0 1.52 × 107 s−1 [9]

shearing rate
Activation energy �F∗ 2.85 × 10−19 J [10]
Exponent p 0.26 N/A [10]
Exponent q 1.40 N/A [10]
Latent hardening ql 1.4 N/A [14]

parameter
Self-hardening ho 180 MPa [15]

parameter
Saturation value of ss 148 MPa [15]

slip resistance
Self-hardening r 2.25 N/A [15]

exponent
Initial slip s0 16 MPa [11]

resistance

calls the VUMAT subroutine and provides it with the
following information:

(i) A list of materials parameters listed in Table I;
(ii) The time-independent slip system parameters

(mα
0 , nα

0 ) for each grain k. It should be noted that in
order to simplify notation, the grain-denoting index k
is not used in the rest of this section;

(iii) A list of variables: {F(t), F P (t), sα(t), T̄ (t)};
and

(iv) A kinematic estimate of the deformation gradi-
ent F(τ ) at the end of the time increment (time = τ ).

Within the VUMAT, a conditionally-stable, accurate
and efficient computational procedure is used to deter-
mine the variables F p(τ ), sα(τ ), and T (τ ) at the end
of the time increment. In the present work, an Euler
forward integration scheme is developed to determine
evolution of the material state during loading. The pro-
cedure involves the following major steps:

(1) An inverse of the plastic deformation gradient,
F p−1

(τ ), is first computed as:

Fe(t) = F(t)F p−1

(t) (20)

Ee(t) = 1

2
{Fe(t)T Fe(t) − I } (21)

T ∗(t) = C(E∗(t)) (22)

τα(t) = T ∗(t) · Sα
0 (23)
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F p−1

(τ ) = F p−1

(t)

{
I −

∑
α

�γ α(t)Sα
0

}
(25)

(2) Next, the Cauchy stress T (τ ) in each grain at the
end of the time increment is computed as:

Fe(τ ) = F(τ )F p−1

(τ ) (26)

Ee(τ ) = 1

2
{Fe(τ )T Fe(τ ) − I } (27)

T ∗(τ ) = C(E∗(τ )) (28)

T (τ ) = det(F∗(τ ))−1 F∗(τ )T ∗(τ )F∗(τ )T (29)

(3) The slip resistances sα(τ ) are next updated as:

hαβ(t) = qαβ

∣∣∣∣1 − sβ(t)

ss

∣∣∣∣
r

sign

{
1 − sβ(t)

ss

}
(30)

sα(τ ) = sα(t) +
∑

β

hαβ(t)|�γ β(t)| (31)

(4) Finally the volume averaged Cauchy stress is com-
puted as:

T̄ (τ ) = 1

N

N∑
T (τ ) (32)

and a list of variables: {F p(τ ), sα(τ ), T̄ (τ )} is passed
back to ABAQUS.

3. Computational procedure
3.1. Simulation of flat rolling
Since the blanks are generally obtained by stamping
as-cold rolled sheet metal, they inherit the morpho-
logical and the crystallographic texture of the sheet
metal. Flat rolling is generally considered as a plane-
strain deformation process in which the material is
elongated in the rolling direction (RD) and reduced in
thickness but does not undergo significant plastic de-
formation in the transverse direction (TD). To assign
initial crystallographic texture to the blank, flat rolling
is first simulated as a plane-strain compression pro-
cess using ABAQUS/Explicit. A cubic slab containing
343 cubic, continuum, three-dimensional eight-noded,
reduced-integration elements (C3D8R-ABAQUS des-
ignation), Fig. 2a, is used to represent a polycrystalline
slab of OFHC copper in the as-annealed condition. Each
element is assumed to represent a grain and each grain
is assigned a different initial crystallographic orienta-
tion by sampling the Euler angles from the random
distribution. A (111) equal-area projection pole figure
showing the random orientation of grains in the ini-
tial configuration is shown in Fig. 2b. (100) and (110)
pole figures for the 343-grain slab (not shown here for
brevity) further confirm that the initial orientation of
the grains is random. 343 elements were chosen as a
trade-off between the requirement for a large number
of grains to represent a polycrystalline material and the
desire to limit the computation time. Also, a sufficiently
high value of the hourglass stiffness is used in conjunc-

Figure 2 (a) A 343-element mesh used in the finite element simulation
of flat rolling; (b) (111) equal-area projection pole figure showing a
random crystallographic orientation of the 343 grains.

tion with the reduced integration elements to suppress
locking of the nodes.

The deformed mesh for the 343-grain slab after a log-
arithmic strain of −1.2 (a typical strain level in as cold-
rolled ductile sheet metal) is applied in the through-the-
thickness direction is shown in Fig. 3a. The (100), (110)
and (111) equal area projection pole figures in the “as-
rolled” slab are shown in Fig. 3b–d respectively. The
pole figures are fully consistent with their experimen-
tal counterparts [26]. In particular, the (111) pole figure
shows a diffuse dumbbell-like shape, which is the key
feature of the experimentally measured (111) equal-
area projection pole figure [26].

3.2. Simulation of deep drawing
Fig. 4 shows the finite-element meshes for the blank,
the punch, the die, and the blankholder used in finite
element modeling of the deep drawing process. To rep-
resent the blank, a total of 16 C3D6 and 320 C3D8R
ABAQUS elements are used, with 1 element through
the blank thickness. Each element is taken to contain
343 grains and to initially have the as cold-rolled texture
shown in Fig. 3b–d. Since the initial texture of the sheet
possess an orthotropic symmetry, only a 90◦ sector of
the circular blank is analyzed. The die, blankholder and
punch are all treated as rigid surfaces. The friction co-
efficient for the contacting surface between the punch
and the blank top is set to a typical value of µ = 0.1 and
all other contacting surfaces are considered frictionless.
The values of the main geometrical parameters for the
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Figure 3 (a) The 343-element mesh after plane-strain compression in the through- the-thickness direction by a true strain of −1.2. (b), (c) and (d) the
corresponding (200), (220) and (111) equal-area projection pole figures, respectively. The Rolling (RD) and the zero-strain transverse (TD) directions
relative to the pole figures are indicated.

T ABL E I I Sheet-metal blank and tools geometric parameters used in
the FEM simulation of deep drawing a cup. All parameters are in mm

Parameter Symbol Value

Blank diameter D0 101.6
Blank thickness t0 0.889
Punch diameter Dp 50.8
Punch corner radius Rp 5.08
Die inner diameter Dd 53.0352
Die corner radius Rd 5.08
Blankholder inner diameter Db 58.42

blank, the die, the blankholder, and the punch used in the
present work are given in Table II. A moderate clamp-
ing force was chosen to avoid flange wrinkling when
the clamping force is too low and cup-wall stretching
when this force is too high.

Deep drawing is generally considered as an essen-
tially quasi-static process. Such processes are typically
modeled using a static, implicit finite element pro-
cedure. However, Nagtegaal and Taylor [29] demon-
strated that the dynamic, explicit finite element proce-
dure, of the type implemented in ABAQUS/Explicit, in
which the solution of individual time increments is in-
expensive, is generally computationally more efficient

for large three-dimensional problems which are domi-
nated by contact, such as the problem at hand.

Within ABAQUS/Explicit, a central-difference inte-
gration rule is used in the dynamic, explicit procedure
to solve for velocities and accelerations from the mo-
mentum balance equations. This integration procedure
is only conditionally stable, and the stable time incre-
ment is given as:

�tcr = min

(
Le

cd

)
, (33)

where Le is the characteristic element length, and
cd is the dilatational elastic wave speed in the ma-
terial. For a cubic material, such as OFHC copper,
cd = [(C12 + 2C44)/ρ]1/2, where C12 and C44 (as well
as C11) are the cubic elastic constants and ρ is the blank
material density. For the Euler-forward computational
procedure discussed in Section 2.3, to be stable, the
strain increment within a time increment �t is limited
by the condition [30]:

�ε = ε̇�t ≤ 0.5 m εy, (34)

where m is the rate-sensitivity parameter and εy is
the strain at the stress level equal to the yield stress.
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Figure 4 Finite element meshes for: (a) the blank; (b) the blankholder;
(c) the punch and (d) the die used in the finite element modeling of deep
drawing.

Combination of Equations 33 and 34 yields:

ε̇ ≤ 0.5mεy max

(
cd

Le

)
(35)

For typical values, m = 0.02, εy = 0.001, cd =
5000m sec−1 and Le = 10−4m, Equation 35 yields
ε̇ ≤ 500 sec−1. Hence, the material integration proce-
dure presented in Section 2.3 should not be used at
strain rates higher than 500 sec−1.

The materials constitutive model developed in the
present work is limited to the isothermal and adiabatic
conditions. For the isothermal case, θ is set to θ0 and
the second term on the right hand side of Equation 2
becomes identically zero. For the adiabatic case, the
temperature is determined by integration of the follow-
ing equation:

ρcθ̇ = ξ

N∑
k = 1

( ∑
a

ταγ̇ α

)(k)

(36)

where, the first sum is over all slip systems α in a grain,
and the second sum is over all grains k in a polycrys-
talline aggregate comprising a material point, c is the
specific heat, and 0.85 ≤ ξ ≤ 1 represents the fraction
of plastic work converted to heat. Only the isothermal
case is considered in the present work.

In order to speed-up the simulation, the stable time
increment is artificially increased by increasing the
density of the blank material. To ensure that in such
“density-scaled” simulations the inertial effects remain
small, the ratio of the total kinetic energy to the sum of

stored elastic and dissipated plastic energies is moni-
tored, and the density adjusted to prevent this ratio from
exceeding 0.01 at any time during the simulation.

3.3. Optimization of the blank shape
The shape of the blank in the first quadrant of the x-y
plane (the plane of the blank) is described as:

xa + ya

ba
= Ra

0 (37)

where a and b are design parameters which are deter-
mined using an optimization algorithm. When a = 2
and b = 1, the blank assumes the familiar circular-disk
shape with a radius of R0, Fig. 5. Optimization of the
blank shape is carried out under a constant value of
R0 = 50.8 mm. When a = 2 and b �= 1, the blank adopts
an ellipsoidal-disk shape and b denotes the ratio of the
y-based major axis and the x-based major axis of the
ellipse. Two additional blank shapes corresponding to
characteristic values of a and b are depicted in Fig. 5.

To optimize the blank shape for reduction/
elimination of the cup earing the following objective
function, which should be minimized, is defined in the
present work:

G =
M∑

i = 1

(zi − zmin) (38)

where M is the total number of nodes along the
cup rim and zi and zmin respectively represent the
z-coordinate of a cup-rim node i and the cup-rim node
with the smallest z- coordinate. In the absence of earing,
zi = zmin(i = 1, M) and, hence, G = 0.

Figure 5 Effect of the two blank-shape design parameters, a and b, on
the blank shape in the first quadrant of the x-y plane.
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Figure 6 A schematic of the basic Simplex algorithm used for opti-
mization of the blank shape. The initial simplex is represented by the
triangle ABC. Dashed lines with an arrow indicate replacement of the
prior worst design with a new design by projecting through the centroid
of the remaining two prior designs.

Optimization of the shape of the OFHC copper sheet
blank is done using the basic Simplex search method
[31]. The basic Simplex search method requires that the
number of initial evaluations of the objective function
(referred to as designs in the following) be one greater
than the number of design variables. Since there are
two blank-shape design variables, a and b in Equa-
tion 37, the simplex method entails that the objective
function be initially evaluated for three pairs of design
variables. In the a − b two-dimensional search space,
the three initial pairs of design variables form a triangle
(A − B − C), Fig. 6, which is generally referred to as the
initial simplex. The three initial designs are ranked ac-
cording to the magnitude of the objective function. The
design with the largest value of the objective function
(design A in Fig. 6) is ranked as worst. The optimum
design (the design associated with a minimum value
of the objective function) corresponds to a 100% point
in Fig. 6. Next, design A is reflected through the cen-
troid of the other two designs to obtain a new design,
design D in Fig. 6. The new design replaces the prior
worst design and a new simplex B − C − D is formed.
Designs within the new simplex are ranked again, the

Figure 7 The initial mesh (a) and a sequence of three deformed meshes (b)-(d) generated at equal time intervals during deep drawing of a cylindrical
cup from a circular blank (blank-shape parameters a = 2.0, b = 1.0). To denote the portion of the original blank subject to the clamping force, a 50%
reduction factor is applied when showing the corresponding blank thickness.

worst design, design C, identified, and the aforemen-
tioned procedure repeated. To prevent the method from
bouncing back and forth between two designs in cases
when the new design is the worst design within the new
simplex, the simplex algorithm selects the second worst
design and reflects it in such cases.

The main advantage of the Simplex method is that
it requires evaluation of the objective function but not
evaluation of its derivatives. After the initial simplex
is formed, one evaluation of the objective function per
search step is needed which makes the algorithm very
efficient. In addition, the algorithm is very simple and
can be easily coupled with a commercial finite element
program such as ABAQUS/Explicit. The main limita-
tion of the simplex method is that it, like many other
optimization algorithms, may stall at a local minimum.
To overcome this limitation, the simplex method must
be repeated with several different initial simplexes and
the resulting minima ranked. Another potential limi-
tation of the method is that it may require rescaling
of the of the design variables to make them all of the
same order of magnitude, since all variables are sub-
jected to the same reflection distance. In the present
case, the two design variables are comparable to each
other since a is expected to be near 2.0 and b near 1.0.
Further limitation of the basic Simplex method is that
the search progress can be slow. This limitation has
been addressed by Nelder and Mead [32] who intro-
duced several modifications which enable expansion
or contraction of the simplex in a direction in which
the optimization conditions are favorable. These modi-
fications are, however, practical only when the number
of design variables is large and when evaluation of the
objective function is not time consuming. Since in the
present work, there are only two design variables and
the evaluation of the objective function involves a finite
element simulation by ABAQUS/Explicit and post pro-
cessing of the results, which are quite time consuming,
the basic Simplex search method is used.
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4. Results and discussion
The initial mesh and a sequence of three deformed
meshes obtained at equal time intervals during the sim-
ulation of deep drawing of a cylindrical cup from a
circular blank, (i.e. from a blank with the shape pa-
rameters a = 2.0, b = 1.0) are shown in Fig. 7a–d. To
show the effect of force applied to the blankholder, the
resulting reduction in blank thickness is displayed in
Fig. 7a with a magnification factor 10. The number and
the location of rim ears along the rolling and the trans-
verse direction and rim trough along a direction nearly
halfway between the rolling and the transverse direc-
tions, Fig. 7d is in general agreement with the experi-
mentally measured earing in polycrystalline aluminum
[e.g. 4], a material with the same (f.c.c.) crystal struc-
ture. Fig. 7d shows that earing is highly pronounced
in the fully-drawn cup. In the manufacturing practice,
this would not only entail trimming as an additional op-
eration but would also create considerable amount of
scrap, which must be handled and recovered.

Figure 8 Distribution of the equivalent plastic strain in a cylindrical
cup drawn from: (a) a circular blank and: (b) a blank with the shape
parameters a = 4.0, b = 1.0. The highest strain levels are denoted by
the darkest shade of gray. The strain ranges are: (a) 0.07–2.0 and;
(b) 0.06–2.7.

Figure 9 The initial mesh (a) and a sequence of three deformed meshes (b)–(d) generated at equal time intervals during deep drawing of a cylindrical
cup from a blank whose shape is characterized by the shape parameters a = 4.0, b = 1.0.

Fig. 8a shows the distribution of equivalent plastic
strain in the cylindrical cup drawn from a circular blank.
The equivalent plastic strain ranges between 0.06 (de-
noted by the lightest shade of gray) and 2.7 (denoted by
the darkest shade of gray). The highest level of equiva-
lent plastic strain is observed in the radial directions in
which cup ears form. A careful examination of Figs 8a
and 7d shows that in the high equivalent strain regions
the cup wall has undergone a considerable reduction in
thickness. This would usually cause cracking of the cup
wall.

Based on the cup height profile and the location of
cup ears shown in Fig. 7d, it was decided to reduce the
blank radius to 47.8 mm and to form the initial sim-
plex using the following three pairs of values for the
blank-shape parameters, a and b: (4.0,1.0), (4.0,1.05),
(4.25,1.0). Fig. 9a–d show the initial mesh and a se-
quence of three deformed meshes obtained at equal time
intervals during the simulation of cup drawing from a
blank with the shape parameters a = 4.0, b = 1.0. The
extent of earing in the fully-drawn cup in this case,
Fig. 9d, is significantly lower than that in the cup drawn
from a circular blank, Fig. 7d.

Fig. 8b shows the distribution of equivalent plas-
tic strain in the cylindrical cup drawn from a blank
characterized by the shape-parameters a = 4.0, b = 1.0.
The equivalent plastic strain ranges between 0.07 (de-
noted by the lightest shade of gray) to 2.0 (denoted
by the darkest shade of gray). This is a slightly nar-
rower range than that shown in Fig. 8a. The high-
est level of the equivalent plastic strain is observed
near the cup rim in the radial directions in which
the trough forms. A comparison of Figs 8b and
9d with Figs 8a and 7d shows that the wall thick-
ness is significantly more uniform in the cup drawn
from a blank characterized by the shape parameters,
a = 4.0, b = 1.0 then in the cup drawn from a circular
blank.
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Figure 10 The initial mesh (a) and a sequence of three deformed meshes (b)–(d) generated at equal time intervals during deep drawing of a cylindrical
cup from a blank with the optimum shape, i.e. the shape characterized by the shape parameters a = 5.5, b = 1.05.

Fig. 10a–d show the initial mesh and a sequence of
three deformed meshes obtained during the simulation
of deep drawing of a cylindrical cup from a blank with
the optimum shape, i.e., the shape corresponding to
the parameters a = 5.5 and b = 1.05. It is evident that
earing has been almost entirely eliminated and that the
height of the fully-drawn cup appears quite uniform
around its rim. Further improvements in the uniformity
of the cup height could be achieved by continuing the
optimization procedure with a smaller size of the initial
simplex.

Fig. 11 shows the variation of the cup height along its
rim upon the completion of the deep drawing process
for three values of the blank-shape parameters, a and
b. The variation of the cup height for the circular shape
of the blank is indicated as a = 2.0, b = 1.0. The opti-
mum blank shape obtained after ten optimization steps
following formation of the initial simplex are denoted
as a = 5.5 and b = 1.05.

The extent of earing in fully-drawn cups can be quan-
tified using the magnitude of the objective function, G,
Equation 38. Fig. 12 shows the progress of reduction
of the extent of earing during optimization of the blank
shape. The extent of earing in the cup drawn from a
circular blank is denoted by the step number −3, while
step numbers −2, −1 and 0 are used to denote the ini-
tial simplex. The results shown in Fig. 12 show that the
extent of earing continues to decrease as optimization
proceeds (optimization step numbers zero and higher).
The optimum blank shape, characterized by the shape-
parameters a = 5.5 and b = 1.05, is obtained after ten
optimization steps past the stage of formation of the ini-
tial simplex. The optimization procedure is terminated
when the absolute value of the change in the objec-
tive function divided by the magnitude of the objective
function fell below 0.01. It should be noted that the ex-

Figure 11 Variation of the cup height along its rim for various initial
shapes of the blank. The circular blank is denoted as a = 2, b = 1 and
the blank with the optimized shape as a = 5.5, b = 1.05.

tent of earing in the cup drawn from a blank with the
optimum shape is only 1.35% of the extent of earing in
the cup drawn from a circular blank.

In summary, the results of the blank-shape optimiza-
tion indicate that, as one would expect, in order to
minimize the extent of earing in fully-drawn cylindri-
cal cups, the blank shape should be changed from the
circular one in such a way that more material is added
in the radial direction in which troughs form. It should
be also noted that in addition to minimizing the extent
of earing, uniformity in the cup-wall thickness, cup-
roundness, the uniformity in its radius etc., are also im-
portant issues which must be addressed in the attempt
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Figure 12 The progress of reduction of the extent of earing during the
blank-shape optimization process.

to improve the quality of the as-drawn product. Some of
these multi-objective optimization problems are being
addressed in our current work [33].

5. Conclusions
Based on the results obtained in the present work the
following conclusions can be made:

(1) Earing along the rim of full-drawn cylindrical
OFHC-copper cups resulting from the as-rolled crys-
tallographic texture in this material can be predicted
by carrying out finite element simulations of the deep-
drawing process.

(2) To account for the effects of crystallographic tex-
ture present in the blank material, one may use crystal-
plasticity type materials constitutive relations which
assign crystallographic orientation to each grain and
enable the prediction of reorientation of the grains dur-
ing deformation.

(3) By proper selection of the blank shape, the extent
of rim earing can be reduced to the point that its trim-
ming from the fully-drawn cups may not be required.
Should trimming be required to permit the cup ends to
be attached properly, scrap will be minimal and hence
its handling and recovery will not be a major problem.
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